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SCALAR CURVATURE RIGIDITY OF ALMOST
HERMITIAN MANIFOLDS WHICH ARE ASYMPTOTIC
TO CH2n
MARIO LISTING
Abstract. We show that an almost Hermitian manifold (M, g) of real
dimension 4n which is strongly asymptotic to CH2n and satisfies a cer-
tain scalar curvature bound must be isometric to the complex hyperbolic
space. Assuming Ka¨hler instead of almost Hermitian this gives the al-
ready known rigidity result by H. Boualem and M. Herzlich proved in
Ann. Scuola Norm. Sup Pisa (Ser. V), vol. 1(2).
1. Introduction
Scalar curvature rigidity of hyperbolic spaces is a frequently studied prob-
lem (cf. [11, 1, 6, 3, 10, 9]). M. Herzlich showed in [6] that a strongly
asymptotically complex hyperbolic Ka¨hler spin manifold (M2m, g) of odd
complex dimension m and with scalar curvature scal ≥ −4m(m + 1) must
be isometric to the complex hyperbolic space CHm. In [3] H. Boualem and
M. Herzlich gave the corresponding result in the even complex dimensional
case, but because of a different representation theory, the spin assumption
has to be replaced by another topological condition. In [9] we generalized
the odd complex dimensional case in the way that we only assumed almost
Hermitian instead of Ka¨hler. In particular, we proved that a complete al-
most Hermitian spin manifold (M,g, J) of odd complex dimension m which
is strongly asymptotically complex hyperbolic and satisfies the scalar cur-
vature bound
scal ≥ −4m(m+ 1) + 6
√
2m|∇J |
must be Ka¨hler and isometric to the complex hyperbolic space. In this paper
we consider the case of even complex dimension m. In order to do so, the
spin assumption is replaced by the existence of an appropriate complex line
bundle which is the associated line bundle of a chosen spinc structure. Since
an almost Hermitian manifold (M,g, J) is already spinc (cf. [8, App. D]),
there is no need for additional topological assumptions on M .
Definition 1. (CHm, g0) denotes the complex hyperbolic space of complex
dimension m and holomorphic sectional curvature −4, i.e. K ∈ [−4,−1],
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as well as BR(q) ⊂ M is the set of all p ∈ M with geodesic distance to
q less than R. Let (M2m, g, J) be an almost Hermitian manifold, i.e. g is
a Riemannian metric and J is a g–compatible almost complex structure.
(M,g, J) is said to be strongly asymptotically complex hyperbolic if there is
a compact manifold C ⊂ M and a diffeomorphism f : E := M − C →
CHm−BR(0) in such a way that the positive definite gauge transformation
A ∈ Γ(End(TM|E)) given by
g(AX,AY ) = (f∗g0)(X,Y ) g(AX,Y ) = g(X,AY )
satisfies:
(1) A is uniformly bounded.
(2) Suppose r is the f∗g0–distance to a fixed point, ∇0 is the Levi–Civita
connection for f∗g0 and J0 is the complex structure of CH
m pulled
back to E, then (for some ǫ > 0)∣∣∇0A∣∣+ |A− Id|+ |J0 − J | ∈ O(e−2(m+1+ǫ)r).
Theorem 1. Let (M,g, J) be a complete almost Hermitian manifold of even
complex dimension m = 2n which is strongly asymptotically complex hyper-
bolic. Suppose ω2π ∈ Γ(Λ1,1M) is a closed 2–form representing the real Chern
class of a complex line bundle λ which defines a spinc structure on M . If
(1) 2Ω + ω ∈ O(e−2(m+1+ǫ)r)
[Ω = g(., J.)] and the scalar curvature satisfies
(2) scal ≥ −4m(m+ 1) + c1|d∗Ω|+ c2
[
|D′Ω|+ |D′′Ω|
]
+ |4Ω + 2ω| ,
then (M,g, J) is Ka¨hler and isometric to CHm.
In this case c1 and c2 are constants depending on the complex dimension:
c1 := 2
√
m+ 1
m− 1 , c2 := 2
(
m+ 1−
√
m2 − 1 + 2√
m2 − 1
)
,
in particular c1, c2 ≈ 2 for large m. Throughout this paper Ω = g(., J.)
always denotes the 2–form associated to J , d∗ is formal L2–adjoint of the
exterior derivative d and D′ + D′′ is the Dolbeault decomposition of D =
d+ d∗ in Λ∗(TM)⊗C, i.e. if e1, . . . , e2m is an orthonormal base, we define
D′ = ∑ e1,0j · ∇ej and D′′ = ∑ e0,1j · ∇ej . Introduce Dc := dc + dc,∗ with
dc :=
∑
J(ek)∧∇ek and dc,∗ := −
∑
J(ek)x∇ek , we obtain D′ = 12 (D− iDc)
as well as D′′ = 12 (D + iDc). In particular, we can estimate
|D′Ω|+ |D′′Ω| ≤ |DΩ|+ |DcΩ| = |d∗Ω|+ |dΩ|+ |dc,∗Ω|+ |dcΩ|.
Moreover, using the facts |Dη| ≤∑j |∇ejη| ≤ √2m|∇η| as well as |Dcη| ≤√
2m|∇η| for all η ∈ Γ(Λ∗M) we get
|D′Ω|+ |D′′Ω| ≤ 2
√
2m|∇Ω|.
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In complex dimension m = 2, the constant c2 in inequality (2) can be
improved by setting c2 := 2(3 −
√
3). Furthermore, condition (1) can be
replaced (in all dimensions) by one of the following asymptotic assumptions
on g:
(i) scal + 4m(m+ 1) ∈ O(e−2(m+1+ǫ)r)
(ii) |∇0∇0A| ∈ O(e−2(m+1+ǫ)r).
Note that (ii) together with the asymptotic assumptions imply (i), and (i)
together with inequality (2) yield (1). Moreover, assuming that Ω is a sym-
plectic form (i.e. dΩ = 0), leads to a much simpler statement of the previous
theorem.
Corollary 1. Let (M,g, J) be a complete almost Hermitian manifold of
even complex dimension m = 2n which is strongly asymptotically complex
hyperbolic, and suppose one of the following conditions:
(i) dΩ = 0 and M is diffeomorphic to R2m.
(i) Ω is exact and M is spin.
(ii) dΩ = 0 and −Ω
π
represents the real Chern class of a complex line
bundle which defines a spinc structure on M .
If the scalar curvature satisfies
scal ≥ −4m(m+ 1) + (c1 + 2c2)
√
2m|∇Ω|,
then (M,g, J) is Ka¨hler and isometric to CHm.
Combining the methods in this paper and in [9] yield a non–spin version
of the result in [9].
Proposition 1. Let (M,g, J) be a complete almost Hermitian manifold of
odd complex dimension m = 2n+1 which is strongly asymptotically complex
hyperbolic. Suppose λ is the associated complex line bundle of a chosen spinc
structure on M , and ω2π ∈ Γ(Λ1,1M) represents the real Chern class of λ. If
ω ∈ O(e−2(m+1+ǫ)r) and the scalar curvature satisfies
scal ≥ −4m(m+ 1) + 2
[
|d∗Ω|+ |D′Ω|+ |D′′Ω|
]
+2 |ω| ,
then (M,g, J) is Ka¨hler and isometric to CHm.
The proof in the complex even dimensional case is much more technical
than in the odd dimensional case. We have to modify the ordinary Killing
structure in order to show a suitable Bochner–Weitzenbo¨ck formula which
is necessary to use the non–compact Bochner technique.
2. Preliminaries
Let (M,g, J) be an almost Hermitian manifold of complex dimension m,
then M is a spinc manifold (cf. [8, App. D]). Suppose S/ cM is a complex
spinor bundle of M with associated complex line bundle λ. We denote
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by γ respectively · the Clifford multiplication on S/ cM . S/ cM decomposes
orthogonal into
(3) S/ cM = S/ c0 ⊕ · · · ⊕ S/ cm
(cf. [7, 8]) where each S/ cj is an eigenspace of γ(Ω) to the eigenvalue i(m−2j).
Let πj be the orthogonal projections S/
cM → S/ cj. The decomposition (3) is
parallel (i.e. ∇πj = 0 for all j) if (g, J) is Ka¨hler. As usual we introduce
X1,0 := 12(X−iJ(X)) and X0,1 := 12(X+iJ(X)). We obtain γ(X1,0) : S/ cj →
S/ cj+1 as well as γ(X
0,1) : S/ cj → S/ cj−1, where S/ cj = {0} if j /∈ {0, . . . ,m}. If ∇c
is a spinc connection on S/ cM , D/ c denotes the corresponding Dirac operator.
The 2–form ω appearing in the Lichnerowicz formula (cf. [8, Thm. D12]):
(4) (D/ c)2 = ∇∗∇c + scal
4
+
i
2
γ(ω)
will be called the the curvature 2–form associated to ∇c (for the moment
∇c is an arbitrary spinc connection, but in order to show the main theorem
we will consider the canonical spinc connection induced by the choice of the
connection on the complex line bundle λ). Let (g, J) be Ka¨hler and consider
the connection ∇̂0 := ∇c + A with
AX := κ1γ(X
1,0)πn−1 + κ2γ(X
0,1)πn
n := [m+12 ]. Since A is parallel w.r.t. ∇c, we obtain
R̂0X,Y = R
c
X,Y + κ1κ2(γ(X
0,1)γ(Y 1,0)− γ(Y 0,1)γ(X1,0))πn−1
+ κ1κ2(γ(X
1,0)γ(Y 0,1)− γ(Y 1,0)γ(X0,1))πn.
(5)
Suppose R : Λ2M → Λ2M is the Riemannian curvature operator, then the
curvature of ∇c satisfies
(6) RcX,Y =
1
2
γ(R(X ∧ Y )) + i
2
ω(X,Y ).
Therefore,
X1,0 · Y 0,1 − Y 1,0 ·X0,1 = 1
2
γ(X ∧ Y + JX ∧ JY − 2iΩ(X,Y ))
X0,1 · Y 1,0 − Y 0,1 ·X1,0 = 1
2
γ(X ∧ Y + JX ∧ JY + 2iΩ(X,Y ))
(7)
leads to the following proposition:
Proposition 2. Suppose (M,g, J) is a simply connected Ka¨hler manifold of
constant holomorphic sectional curvature κ and complex dimension m, then
∇̂0 is a flat connection on the subbundle V = S/ cn−1⊕S/ cn ⊂ S/ cM , n = [m+12 ],
if
(1) m is odd, κ = 4κ1κ2 and ω = 0 (i.e. in particular M is spin)
(2) m is even, κ = 4κ1κ2 and ω = 2κ1κ2Ω =
1
2κΩ.
SCALAR CURVATURE RIGIDITY OF CH2n 5
Proof. Since M is simply connected, ∇̂0 is flat if and only if R̂0 = 0.
(M,g, J) is of constant holomorphic curvature κ if and only if the Rie-
mannian curvature operator satisfies
R(X ∧ Y ) = −κ
4
(X ∧ Y + JX ∧ JY + 2Ω(X,Y )Ω).
Thus, we conclude the claim from γ(Ω) = i
∑
j(m− 2j)πj . 
3. Integrated Bochner–Weitzenbo¨ck formula
In order to show the main theorem, we need a suitable integrated Bochner–
Weitzenbo¨ck formula. In the case of even complex dimensionm it is not pos-
sible to show a useful Bochner–Weitzenbo¨ck formula for the Killing structure
A introduced above. However, a minor modification of the Killing structure
yields the correct formula. Suppose (M,g, J) is almost Hermitian of even
complex dimension m = 2n, n ≥ 1. We define V := S/ cn−1⊕S/ cn, its projection
prV := πn−1 + πn and
TX := i
(
α1X
1,0 · πn−1 + α2X0,1 · πn + β1X1,0 · πn−2 + β2X0,1 · πn+1
)
with (note that πn−2 = 0 if n < 2)
α1 =
√
m− 1
m+ 1
, β1 = m+ 1− (m+ 2)α1,
α2 =
√
m+ 1
m− 1 , β2 = m+ 1−mα2,
then T ◦ prV equals A if we set κj := iαj. Moreover, define
T := −i(m+ 2)α1πn−1 − imα2πn − i(m+ 1)
∑
j 6=n−1,n
πj
= −i(m+ 1) + iβ1πn−1 + iβ2πn.
Lemma 1. TX + γ(X)T is a selfadjoint endomorphism on the complex
spinor bundle S/ cM (for every vector field X). Moreover, we have (for any
orthonormal base e1, . . . , e2m)
(8) T ′ :=
2m∑
j=1
(ej · Tej) = T ◦ prV − iβ1(m+ 4)πn−2 − iβ2(m+ 2)πn+1.
Proof. Using the facts (γ(X1,0)πj)
∗ = −γ(X0,1)πj+1 and (γ(X0,1)πj)∗ =
−γ(X1,0)πj−1 we compute
(TX)
∗ = i
(
α1X
0,1πn + α2X
1,0πn−1 + β1X
0,1πn−1 + β2X
1,0πn
)
as well as
(γ(X)T )∗ = −i(m+ 1)γ(X) + iβ1(X0,1πn +X1,0πn−2)+
+iβ2(X
0,1πn+1 +X
1,0πn−1).
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This leads to
TX +X · T −(TX +X · T )∗ =
= i(α1 − α2 + β1 − β2)(X1,0πn−1 −X0,1πn) = 0.
The second claim follows from the facts
(9)
2m∑
k=1
ek · e1,0k = −m+ iγ(Ω) and
2m∑
k=1
ek · e0,1k = −m− iγ(Ω).

Proposition 3. Let (M,g, J) be almost Hermitian of even complex dimen-
sion m = 2n. Suppose ∇c is a spinc connection on S/ cM and T as well as
T are given as above. Define the connection ∇̂ := ∇c + T and the operator
D˜/ := D/ c + T . Then the integrated Bochner–Weitzenbo¨ck formula∫
∂N
〈
∇̂νϕ+ ν · D˜/ϕ, ψ
〉
=
∫
N
〈
∇̂ϕ, ∇̂ψ
〉
−
〈
D˜/ϕ, D˜/ψ
〉
+
〈
R̂ϕ,ψ
〉
holds for any compact N ⊂ M and ϕ,ψ ∈ Γ(S/ cM). In this case ν is the
outward normal vector field on ∂N and R̂ is given by
scal
4
+
i
2
γ(ω) + (m+ 2)(m − 1)πn−1 +m(m+ 1)πn + (m+ 1)2prV⊥
−(m+ 4)β21πn−2 − (m+ 2)β22πn+1 + δT+D/T
while ω is the curvature 2–form associated to ∇c [cf. (4)], prV⊥ is the pro-
jection to the orthogonal complement of V in S/ cM , δT is the divergence of
T, i.e. δT =
∑
(∇cejT)ej and D/T is given by
∑
ej · (∇cejT ). Moreover, the
boundary operator ∇̂ν + ν · D˜/ is selfadjoint.
Proof. The selfadjointness of the boundary operator ∇̂ν + ν · D˜/ follows im-
mediately from the selfadjointness of ∇cν+ν ·D/ c and Tν+ν ·T (since ∇c is a
Hermitian connection). The formal L2–adjoint of D˜/ is given by D˜/
∗
= D/ c−T .
Thus, we can easily verify∫
N
〈
D˜/ϕ, D˜/ψ
〉
= −
∫
∂N
〈
ν · D˜/ϕ, ψ
〉
+
∫
N
〈
D˜/
∗
D˜/ϕ, ψ
〉
as well as
D˜/
∗
D˜/ = (D/ c)2 + (m+ 1)2prV⊥+α
2
1(m+ 2)
2πn−1 + α
2
2m
2πn+
+D/T +
2m∑
i=1
(γ(ei)T − T γ(ei))∇cei .
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Moreover, a straightforward calculation shows∫
N
〈
∇̂ϕ, ∇̂ψ
〉
=
∫
N
〈∇cϕ,∇cψ〉+ 〈∇cϕ,Tψ〉 + 〈Tϕ,∇cψ〉+ 〈Tϕ,Tψ〉
=
∫
∂N
〈∇cνϕ+ Tνϕ,ψ〉 +
∫
N
〈∇∗∇cϕ,ψ〉+
+
∫
N
〈Tϕ,Tψ〉 − 〈δTϕ,ψ〉 +
〈 2m∑
i=1
(T∗ei − Tei)∇ceiϕ,ψ
〉
for all ϕ,ψ ∈ Γ(S/ cM). Therefore, the Lichnerowicz formula (4) and the fact
(previous lemma, T ∗ = −T )
T
∗
X − TX = γ(X)T − T γ(X)
yields the claim with
R̂ =
1
4
scal +
i
2
γ(ω) + (m+1)2prV⊥ + (m+ 2)
2α21πn−1+
+m2α22πn +D/T + δT−
2m∑
j=1
T
∗
ej
◦ Tej .
Use πjγ(X)πj−1 = γ(X
1,0)πj−1 and πjγ(X)πj+1 = γ(X
0,1)πj+1 as well as
(9) and X1,0 ·X1,0 = X0,1 ·X0,1 = 0 to compute
2m∑
j=1
T
∗
ej
◦Tej = (m+2)α21πn−1+mα22πn + (m+ 4)β21πn−2 + (m+2)β22πn+1.
Therefore, we obtain R̂ from
(m+ 2)2α21 − (m+ 2)α21 = (m+ 2)(m− 1)
m2α22 −mα22 = m(m+ 1).

Remark 1. Since D˜/ is not the Dirac operator of ∇̂, we made a difference
in the notation. However, if D̂/ =
∑
ej · ∇̂ej denotes the Dirac operator of
∇̂, equation (8) yields D˜/ ◦ prV = D̂/ ◦ prV . Moreover, if ϕ is a section in
S/ cM with ∇̂ϕ = 0 as well as D˜/ϕ = 0, then ϕ is a section in V [use the fact
D̂/ϕ = 0 and equation (8)].
Lemma 2. The endomorphism
−iγ(Ω) + (m+ 2)(m − 1)πn−1 +m(m+ 1)πn + (m+ 1)2prV⊥
− (m+ 4)β21πn−2 − (m+ 2)β22πn+1 −m(m+ 1)Id
is non–negative definite on S/ cM [Ω = g(., J.)].
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Proof. Since iγ(Ω) = −∑j(m − 2j)πj we conclude the claim on S/ cj for j
different from n− 2 and n+ 1. It remains to show that
f1(m) := 4 + (m+ 1)− (m+ 4)β21 ≥ 0
f2(m) := −2 + (m+ 1)− (m+ 2)β22 ≥ 0
Both functions are increasing and since f1(2) > 0 and f2(2) > 0, we get the
claim (we only consider the case of complex dimension m ≥ 2). 
Lemma 3. Suppose inequality (2) of the main theorem holds, then at each
point of M , R̂ has no negative eigenvalues: R̂ ≥ 0.
Proof. If η is a two form, the operator norm of γ(η) on S/ cM can be estimated
by |η|
|γ(η)| ≤ |η|.
Using the last lemma we obtain
R̂ ≥ scal
4
+m(m+ 1)−
∣∣∣∣Ω+ 12ω
∣∣∣∣− |δT+D/T | .
Therefore, we have to find an estimate for δT + D/T . A straightforward
calculation shows
δT =
2m∑
j=1
(∇cejT)ej
=
1
2
γ(δJ)(α1πn−1 − α2πn + β1πn−2 − β2πn+1) + i
2m∑
j=1
(
α1e
1,0
j ∇cejπn−1
+ α2e
0,1
j ∇cejπn + β1e1,0j ∇cejπn−2 + β2e0,1j ∇cejπn+1
)
.
as well as
D/T = i
2m∑
j=1
(
β1ej∇cejπn−1 + β2ej∇cejπn
)
.
Set α = α1 + β1 = α2 + β2, then ∇c = ∇ on ClC(TM) = End(S/ cM) yields
|δT+D/T | ≤ α2
2
|d∗Ω|+ α
∣∣∣∑(e1,0j ∇ejπn−1 + e0,1j ∇ejπn)∣∣∣+
+ |β1|
∣∣∣∑(e1,0j ∇ejπn−2 + e0,1j ∇ejπn−1)∣∣∣+
+ |β2|
∣∣∣∑(e1,0j ∇ejπn + e0,1j ∇ejπn+1)∣∣∣ .
(10)
Thus, we have to estimate ∇Xπr. We conclude from πn−kγ(Ω) = 2kiπn−k
(∇Xπn−k)(2ki− γ(Ω)) = πn−kγ(∇XΩ)
as well as from γ(Ω)πn−k = 2kiπn−k
(2ki − γ(Ω))(∇Xπn−k) = γ(∇XΩ)πn−k.
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Using the facts πr(∇Xπr)πr = 0 for all r and
2ki− γ(Ω) =
∑
j 6=n−k
cjπj
with |cj | ≥ 2, |∇Xπr| can be estimated by 12 |∇XΩ|. Moreover,
2m∑
j=1
e1,0j · (∇ejπn−k)(2ki − γ(Ω)) = πn−k+1
2m∑
j=1
γ(e1,0j · ∇ejΩ)
leads to ∣∣∣∣∣
2m∑
j=1
e1,0j (∇ejπn−k)φ
∣∣∣∣∣≤ 12 ∣∣γ(D′Ω)φ∣∣,
if πn−k(φ) = 0, and
2m∑
j=1
γ(e1,0j · ∇ejΩ)πn−k =
2m∑
j=1
γ(e1,0j )(2ki− γ(Ω))(∇ejπn−k)
=
2m∑
j=1
((2k − 2)i− γ(Ω))γ(e1,0j )(∇ejπn−k)
shows ∣∣∣∣∣
2m∑
j=1
e1,0j (∇ejπn−k)φ
∣∣∣∣∣≤ 12 ∣∣γ(D′Ω)φ∣∣,
if φ ∈ S/n−k. In this case we used πn−k+1(e1,0j · ∇ejπn−k)πn−k = 0 and the
fact that (2k−2)i−γ(Ω) has absolute minimal eigenvalue 2 on S/⊥n−k+1. The
same procedure yields ∣∣∣∣∣
2m∑
j=1
e0,1j (∇ejπr)
∣∣∣∣∣≤ 12 |D′′Ω|.
for all r. Thus, we obtain
|δT+D/T | ≤ α2
2
|d∗Ω|+ α+ |β1|+ |β2|
2
(|D′Ω|+ |D′′Ω|) ,
and
|β1|+ |β2| = β1 − β2 = 2√
m2 − 1 , α = m+ 1−
√
m2 − 1
supplies the claim: R̂ ≥ 0. In complex dimension m = 2 there is a better
estimate of δT +D/T . Since the decomposition S/ cM = (S/ cM)+ ⊕ (S/ cM)−
induced by the volume form is parallel and we have (S/ cM)− = S/ c1 as well
as (S/ cM)+ = S/ c0 ⊕ S/ c2, π1 = π− is parallel and we obtain the improvement
if m = 2 from (10) and the above considerations:
|δT+D/T | ≤ α2
2
|d∗Ω|+ α
2
|D′Ω|+ |β1|+ |β2|
2
|D′′Ω|.

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Proposition 4. Suppose (M,g, J) is a complete almost Hermitian manifold
of complex dimension m, S/ cM is a complex spinor bundle of M , ∇c is a
spinc connection and ω is the curvature two form associated to ∇c. If the
scalar curvature is uniformly bounded with
(11)
scal
4
≥ −m(m+ 1) +
∣∣∣∣Ω+ 12ω
∣∣∣∣ ,
then the Dirac operator
D˜/ = D/ c + T :W 1,2(M,S/ cM)→ L2(M,S/ cM)
is an isomorphism of Hilbert spaces.
Proof. First we show that
D/± := D/
c ± i(m+ 1) :W 1,2(M,S/ cM)→ L2(M,S/ cM)
are isomorphism of Hilbert spaces if the scalar curvature inequality (11) is
satisfied. D/± is bounded on W
1,2, i.e. the symmetric bilinear form
B±(ϕ,ψ) :=
∫
M
〈
D/±ϕ,D/±ψ
〉
is well defined and bounded on W 1,2. Let φ be a section in S/ cM with com-
pact support in M , then using the Lichnerowicz formula (4) and inequality
(11) leads to
B±(φ, φ) =
∫
M
|∇cφ|2 + (m+ 1)|φ|2 +
〈(
m(m+ 1) +
scal
4
+
i
2
ω·
)
φ, φ
〉
≥
∫
M
|∇cφ|2 + (m+ 1)|φ|2 − 〈iΩ · φ, φ〉 .
Therefore, |γ(Ω)| ≤ m on S/ cM implies that B± is coercive, in particular
B± is a scalar product on W
1,2. This proves the injectivity of D/±. The
surjectivity of D/± follows from the Riesz representation theorem and [5,
Thm. 2.8] (cf. [1, 6, 11]). The Dirac operator D˜/ = D/ c + T is bounded
w.r.t. the W 1,2–norm, i.e. D˜/ is well defined and the bilinear form
B(ϕ,ψ) :=
∫
M
〈
D˜/ϕ,D/−ψ
〉
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is well defined and bounded on W 1,2(M,S/ cM). Using the definition of D˜/
and the above estimate lead to
B(φ, φ) =
∫
M
∣∣∣D/−φ∣∣∣2 + i〈β1πn−1(φ) + β2πn(φ),D/−φ〉
≥
∫
M
(
1− |β1|+ |β2|
2
) ∣∣∣D/−φ∣∣∣2 − |β1|2 |πn−1φ|2 − |β2|2 |πnφ|2
≥
∫
M
(
1− |β1|+ |β2|
2
)(|∇cφ|2 + |φ|2)− |β1|
2
|πn−1φ|2 − |β2|
2
|πnφ|2.
If m ≥ 2 one can verify that |β1|, |β2| < 1 as well as |β1| + 12 |β2| < 1 and
|β2| + 12 |β1| < 1 (use the fact that |β1| and |β1| are decreasing and the
inequalities hold in case m = 2). Thus we conclude that B is coercive on
W 1,2(M,S/ cM). In particular, D˜/ has to be injective and the surjectivity
remains to show. Suppose ψ ∈ L2(M,S/ cM), then
l(φ) :=
∫
M
〈
ψ,D/−φ
〉
is a bounded linear functional on W 1,2(M,S/ cM). The Lax–Milgram theo-
rem (cf. [4, Ch. 5.8]) yields a spinor ξ ∈W 1,2(M,S/ cM) with
B(ξ, φ) = l(φ)
for all φ ∈ W 1,2. Set ζ := D˜/ξ − ψ ∈ L2, then ζ is a weak solution of D/+ζ,
in this case we used (D/−)
∗ = D/+. Elliptic theory supplies that ζ is smooth
and since D/ cζ = −i(m + 1)ζ ∈ L2, theorem 2.8 in [5] yields ζ ∈ W 1,2. But
D/+ is injective on W
1,2, i.e. ζ = 0 shows the surjectivity of D˜/ . 
Lemma 4. 1 Suppose θ is a closed two form on CHm with θ ∈ O(e−δr),
δ > 3 (r is the complex hyperbolic distance to a fixed point). Then there is
a 1–form η ∈ O(e−δr) with dη = θ.
Proof. Suppose X is the unit radial vector field of some polar chart on
CHm −Br0(0), r0 > 0. Let ϕt be the flow of X and define η1 by
η1 := −
∞∫
0
Xxϕ∗t θ dt,
then ϕ∗t ∈ O(e3t) yields dη1 = θ as well as η ∈ O(e−δr) on CHm − Br0(0).
Suppose f is a cut off function for Br0(0), i.e. f is smooth, f = 0 on Br0(0)
and f = 1 on CHm − Br1(0) for some r1 > r0, then θ − d(fη1) is a closed
and compact supported two form on CHm. Thus, CHm ≈ R2m yields a
compact supported 1–form η2 with dη2 = θ − d(fη1), and η := fη1 + η2
satisfies dη = θ as well as η ∈ O(e−δr). 
1Private communication with M. Herzlich
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Lemma 5. Suppose (V, q) is a vector space of real dimension 2m with a
quadratic form q and a q–compatible complex structure J . Denote by S =
⊕Sr the complex spinor space of V where Sr are induced by the action of
the Ka¨hler form Ω. Then Clifford multiplication
γ|su : Λ
1,1
0 V = su(V ) ⊂ Cl c(V, q)→ End(Sr)
is injective if 0 < r < m and trivial if r = 0 or r = m. Moreover, if Id
denotes the identity in End(Sr), i · Id is not in the image of γ|su for all
r = 0 . . . m.
Proof. We follow a proof given in [6]. Clifford multiplication of two forms
supplies a representation
λ : Λ1,10 (V )→ End(Sr),
since θ · Sr ⊂ Sr for each θ ∈ Λ1,1(V ). With the inclusion su(m) ⊂ so(2m)
the representation ρ : so(2m) → End(Cl c2m) (cf. [8, Ch. II (3.1)]) restricts
to a representation
ρ : su(m)→ End(Cl c2m) = End(End(S))
[ρ is the Lie–algebra version of Ad : SU(m) ⊂ Spin(2m) → Aut(Cl c2m)].
Moreover, the adjoint representation
ad : su(m)→ End(Λ1,10 (V )).
is irreducible (since su(m) is simple). With these definitions λ is su(m)–
equivariant, that means
ρ(B)λ(θ0) = λ(ad(B)θ0)
holds on Sr for any B ∈ su(m) and θ0 ∈ Λ1,10 (V ). Thus, if θ0 ∈ Λ1,10 (V ) is in
the kernel of λ, λ(ad(B)θ0) vanishes for all B ∈ su(m), in particular ker(λ)
is su(m)–invariant (in the representation ad). In particular the irreducibility
of ad supplies ker(λ) = {0} or ker(λ) = Λ1,10 (V ). The second case appears
if and only if r = 0 or r = m: let e ∈ V with q(e) = 1, then Clifford
multiplication on Sr with Je ∧ e− 1mΩ ∈ Λ1,10 V is invertible:
γ
(
e ∧ Je− 1
m
Ω
)
γ
(
Je ∧ e− 1
m
Ω
)
= Id +
1
m2
γ(Ω)2 =
4mr − 4r2
m2
IdSr .
This implies ker(λ) = {0} if 0 < r < m. That γ|su can not be injective
on S0 or Sm follows immediately from dimS0 = dimSm = 1. In order to
see the second claim in the case r 6= 0,m we use again the irreducibility
of ad : su(m) → End(su(m)). The image of γ|su(m) is isomorphic (as Lie
algebras) to su(m). Thus, considering the adjoint transformation
ad : Im(γ|su)→ End(Im(γ|su))
yields ad(f) 6= 0 for all f ∈ Im(γ|su) − {0} (otherwise ad is reducible).
In particular, if i · Id is contained in Im(γ|su), ad(i · Id) = 0 leads to a
contradiction. 
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Corollary 2. Clifford multiplication with Λ1,1M–forms on V is injective.
Proof. Suppose
η = η0 − 1
m
〈η,Ω〉Ω
is a Λ1,1–form with η0 ∈ Λ1,10 and γ(η) = 0 on V = S/n−1 ⊕ S/n. Since
γ(Ω) = 0 on S/n, the last lemma yields η0 = 0 (0 < n < m). Thus, γ(Ω) = 2i
on S/n−1 supplies 〈η,Ω〉 = 0 which shows η = 0. 
4. Proof of the main theorem
Let (M,g, J) be an almost Hermitian manifold which is strongly asymp-
totically complex hyperbolic, where E ⊂M is supposed to be the Euclidean
end of M . We denote by S/ cM the considered spinc bundle as well as by ∇c
the canonical spinc connection determined by the choice of the connection
on the complex line bundle λ which has curvature ω (cf. [8, Prop. D11]). The
spin connection ∇ is well defined and unique on S/ cM|E and differs from ∇c
by an imaginary valued 1–form: iη(X) := ∇cX −∇X which satisfies 2dη = ω
on E. Let g0 be the complex hyperbolic metric on E with Ka¨hler structure
Ω0 := g0(., J0.) [(g0, J0) is of constant holomorphic sectional curvature −4].
∇0 denotes the Levi–Civita connection for g0 on TM|E as well as the canon-
ical spin connection for g0 on S/
cM|E. We conclude from the asymptotic
assumptions and condition (1): Ω0 +
1
2ω ∈ O(e−δr) with δ = 2(m + 1 + ǫ).
Therefore, lemma 4 supplies a 1–form η0 on E (use again a cut off argument)
with dη0 = Ω0 +
1
2ω and η0 ∈ O(e−δr). Thus, the connection
∇0,c := ∇0 + iη(.) − iη0(.)
is a spinc connection on S/ cM|E with associated curvature two form
2d(η − η0) = ω − 2dη0 = −2Ω0.
Define ∇̂0 := ∇0,c + A0 on S/ cM|E with κj := iαj (j = 1, 2), we conclude
from proposition 2 that ∇̂0 is a flat connection on the subbundle V0. We
consider the connection ∇̂ := ∇c +T on S/ cM and show that the restriction
of ∇̂ to V is asymptotic to ∇̂0. The gauge transformation A extends to a
bundle isomorphism A : S/ cM|E → S/ cM|E with (cf. [1])∣∣∇ϕ−∇cϕ∣∣ ≤ C ∣∣A−1∣∣ ∣∣∇0A∣∣ |ϕ|+ |η0||ϕ| ,
where ∇ is a connection on S/cM|E given by A∇0,cA−1. Let ψ0 be a spinor
on E ⊂ M which is parallel with respect to ∇̂0. Set ψ := h(Aψ0) for some
cut off function h, i.e. h = 1 at infinity, h = 0 in M − E and supp(dh)
compact. We compute
∇̂Xψ =(Xh)Aψ0 + h(∇cXAψ0 + TX(Aψ0))
=(Xh)Aψ0 + h(∇cX −∇X)Aψ0 − hAA0Xψ0 + hTXAψ0
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and thus, the asymptotic assumptions supply
∇̂ψ ∈ O(e(1−δ)r) ⊂ L2(M,T ∗M ⊗ S/ cM)
and
(12)
〈
∇̂νψ + ν · D̂/ψ, ψ
〉
∈ O(e(2−δ)r) ⊂ L1(M)
(|ψ0|20 can be estimated by ce2r, |ν| = 1). Using proposition 4 gives a spinor
ξ ∈ W 1,2(M,S/ cM) with D˜/ξ = D˜/ψ ∈ L2. In particular ϕ := ψ − ξ is D˜/–
harmonic and non–trivial (ψ /∈ L2). Moreover, the selfadjointness of the
boundary operator ∇̂ν + ν · D˜/ together with (12) implies as usual
lim inf
r→∞
∫
∂Mr
〈
∇̂νϕ+ ν · D˜/ϕ, ϕ
〉
= 0
for a non–degenerate exhaustion {Mr} of M (cf. [1]). Since inequality (2)
gives R̂ ≥ 0, we conclude from the integrated Bochner–Weitzenbo¨ck formula:∫
∂Mr
〈
∇̂νϕ+ ν · D˜/ϕ, ϕ
〉
≥
∫
Mr
∣∣∣∇̂ϕ∣∣∣2 ≥ 0,
that ϕ is parallel w.r.t. ∇̂. Furthermore, ϕ has to be a section of V = S/n−1⊕
S/n (cf. remark 1), since 0 = D̂/ϕ = D/
cϕ + T ′ϕ and 0 = D˜/ϕ = D/ cϕ + T ϕ.
Because ∇̂0 is a flat connection in V0, V is trivialized by spinors parallel
w.r.t. ∇̂. In particular, ∇cX preserves sections of V which implies that prV
is parallel w.r.t. ∇c = ∇. The complex spinor bundle admits an orthogonal
and parallel decomposition S/ cM = (S/ cM)+ ⊕ (S/ cM)− induced from the
volume form. If π+ as well as π− denote the orthogonal projections of this
decomposition, πn−1 is given by prV ◦π+ if n is odd and given by prV ◦π− if
n is even. Therefore, πn−1 as well as πn = prV−πn−1 have to be parallel and
the Killing structure A = T ◦ prV is also parallel w.r.t. ∇c. Moreover, the
integrated Bochner–Weitzenbo¨ck formula implies R̂(ϕ) = 0 for all ϕ ∈ Γ(V),
in particular δT = D/T = 0 on V supply
0 =
scal
4
ϕ+
i
2
ω · ϕ+ (m+ 2)(m− 1)πn−1ϕ+m(m+ 1)πnϕ
for all ϕ ∈ V. Thus, lemma 5 and ω ∈ Λ1,1M yield scal = −4m(m+ 1) and
ω = −2Ω. Therefore, R̂ = 0 on V, ∇cT = 0 as well as equations (5), (6) and
(7) imply
0 = RcX,Y + [TX ,TY ]
=
1
2
γ
(R(X ∧ Y ) + κ1κ2(X ∧ Y + JX ∧ JY + 2Ω(X,Y )Ω))(13)
on V. From the fact (cf. [2])
γ(Ric(X)) = 2
∑
i
ei ·Rsei,X =
∑
i
ei · γ(R(ei ∧X)),
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we conclude Ric(X) = −2(m + 1)X, i.e. g is Einstein of scalar curvature
−4m(m+1). Inequality (2) yields d∗Ω = 0 as well as D′Ω = 0 and D′′Ω = 0.
In particular, D′ + D′′ = d + d∗ supplies dΩ = 0. Moreover, equation (13),
κ1κ2 = −1 and corollary 2 show
(14) prΛ1,1M ◦ R(X ∧ Y ) = X ∧ Y + JX ∧ JY + 2Ω(X,Y )Ω.
Using this equation, the symmetry of the Riemannian curvature tensor and
Ω ∈ Γ(Λ1,1M) lead to
〈R(Ω),X ∧ Y 〉 = 〈R(X ∧ Y ),Ω〉 = 2(m+ 1)Ω(X,Y ).
Consider the Bochner–Weitzenbo¨ck formula on Λ2M :
△ = d∗d + dd∗ = ∇∗∇+R,
then R is given by Ric+2R (cf. [12, Ap. B]), where Ric acts as derivation on
Λ2M . We already know, that g is Einstein, i.e. Ric = −4(m+1)IdΛ2M sup-
plies R(Ω) = 0. Moreover, dΩ = 0 and d∗Ω = 0 imply that Ω is harmonic:
△Ω = 0, i.e. we obtain ∇∗∇Ω = 0. Using the fact
0 = △|Ω|2 = d∗d|Ω|2 = 2 〈∇∗∇Ω,Ω〉 − 2 〈∇Ω,∇Ω〉
we conclude that (g, J) is Ka¨hler. Thus, R : Λ2M → Λ1,1M together with
(14) yield constant holomorphic sectional curvature −4 of (M,g, J). Since
the end of M is diffeomorphic to R2m − BR(0), M must be isometric to
CHm.
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